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On Some Problems in the Formulation of Optimum Population
Policies when Resources are Depletable

Swapan Dasgupta and Tapan Mitra')

1. Introduction

In recent years, considerable attention has been focused on the study of optimal deple-
tion patterns of exhaustible resources. The existing models are mostly concerned with the
possible mitigating effects of technological progress or capital accumulation in the growth
process of economies facing exhaustible resource constraints [see, for example, Dasgupta,
1973; Dasgupta/Heal; Solow; Stiglitz, Ingham/Simmons, and others]. Population is as-
sumed exogenous to these models, and the concern is with jointly solving the optimal de-
pletion of an exhaustible resource, and optimal investment in augmentable capital goods.

The interrelationship between population policies, and depletion patterns of exhausti-
ble resources has been studied by Koopmans [1973, 1974], who poses the problem as a
trade-off between the survival time of a fixed population and its consumption rates. This
line of analysis has been extended by Lane [1975], who allows the population itself to be
a control variable, and also allows for a conservationist motive in the optimality exercise.
Neither study includes the aspect of capital accumulation offsetting the effect of a (rapid-
ly) depleting resource stock. However the study by Lane [1977] establishes a link
between the interesting study of Koopmans, and the traditional literature on optimum
population, without exhaustible resource constraints, studied by Meade [1955], Dasgupta
[1969], Lane [1975], Pitchford [1974] and others.

In this paper, we attempt a systematic study of optimum population policies in a
model in which capital, labor, and an exhaustible resource produce an output which can
be consumed or accumulated as capital. The total stock of the resource is given, and the
resource use over the (infinite) planning horizon must not exceed this stock. Population is
“freely”” controllable, and, so, like Dasgupta [1969], we are interested in ““first-best solu-
tions”. Individual “Utility” is derived from consumption (per capita), and “Welfare™ is
individual utility times the population at each date. The reason for adopting this Classical
Utilitarian view of ‘“Welfare” is that with the alternative Average Utilitarian view, there
does not even exist a Pareto-optimal program [see Proposition 3.1}. Furthermore, we fol-
low Meade [1955] in assuming that when consumption of an individual is “low”, his utili-
ty is negative, when it is “high”, his utility is positive. We show that this is a necessary
condition for the existence of a Pareto-optimal program, with the Classical Utilitarian
Welfare function [see Proposition 3.2]. Optimality is then defined in terms of the “maxi-

1) Research of the second author was partially supported by a National Science Foundation Grant.
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misation” of the discounted or undiscounted sums of Welfares, by a suitable version of
the “overtaking criterion”.

We show that Optimal programs can be characterized in terms of a) the Ramsey Rule
of capital accumulation, b) the Meade Rule of population, c) the Hotelling Rule of alloca-
tion of an exhaustible resource, and d) the transversality condition that the present value
of capital and resource stocks converge to zero, over time [see Theorems 4.1-5.3].

We use this characterization to show that when future welfares are undiscounted, an
optimal program does not exist, under a set of quite realistic assumptions [see Theorems
5.1 and 5.3]. This is a somewhat disturbing comment on the Classical Utilitarian view of
welfare. We note that similar difficulties are also encountered, when exhaustible resources
are not treated explicity [for example, in Dasgupta, 1969].

In Theorem 6.1, we show that when future welfares are discounted, an optimal pro-
gram does exist. We note that the methods of proving the existence of an optimal pro-
gram, in models where population is exogenous, and exhaustible resources are either ab-
sent [see Gale; Brock; Brock/Gale] or present [see Dasgupta/Heal], cannot be applied to
our case. Similarly the methods used in models where population is controllable, but ex-
haustible resources are absent [see Dasgupta] also become inapplicable. Thus, our method
of proof is new, although it borrows ideas, at several points, from the above stated “tradi-
tional methods”’.

While Theorem 6.1 might appear to lay at rest questions raised about the appropriate-
ness of the Classical Utilitarian view of welfare [in the sense of Koopmans’ “mathematical
screening”’], Theorem 7.1 raises fresh doubts. Here, we show that when future utilities are
discounted, an optimal program must be an “extinction program”. That is, it is optimal
to have the extinction of the human race in finite time. We note that this result holds,
even if there are feasible programs with stationary population, for whom “life is enjoya-
ble” at each date [utility of individuals at various dates are bounded away from zero]. It
seemns that the Classical Utilitarian view places too small a “penalty” on the extinction of
the economy, so that with resources depleting and the future being discounted, it is opti-
mal not to have a “future” at all, beyond a finite time.

2. The Model

Consider an economy with a technology given by a production function, G, from Ri
to R, . The production possibilities consist of capital input, X, exhaustible resource input,
D, labor input, L, and current output Z = G (X, D, L) for (K, D, L) > 0.

For simplicity, we will identify “population” with “labor input”, at each date, and use
the terms interchangeably. Capital will be assumed not to depreciate. Thus fotal output,
Y, can be defined as G (X, D, L) + K for (K, D, L) > 0. A total output function, F (from
R2 toR,) can be defined by

FK, D LYy=GK,D,L)+K for (K, D, L)=0. 2.1
The production function, G, is assumed to satisfy:

(A.1) G is concave, homogeneous of degree one, and continuous for (K, D, L) = 0; it is
continuously differentiable for (K, D, L) > 0.
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(A.2) G is non-decreasing in K, D, L for (K, D, L) > 0; Gk, Gp, G,)> 0 for
(K, D, L)>O.

The initial capital and labor inputs, K and L, and the initial available stock of the ex-
haustible resource, M, are considered to be historically given and positive. A feasible pro-
gram is a sequence (K, D, L, Y, C) =<K o Dt, L p Yt, Ct) satisfying

for t=20
t+1 (22)

K, D, L, Y, C)>0 for >0

Y,=F(K,D,L,), C,=Y,—K

L,=0 implies L,,; =0 for r>1.

Associated with a feasible program (K, D, L, Y, C) is a sequence of resource stocks
(M) = (M), given by

M():M, M

w1 =M, —D, for t>0. (2.3)

By (2.2),M,>0,and M, ; <M, fort>0.

A feasible program (X, D, L, Y, C) is called positive if L, > 0 for ¢t 2 0. It is interior if
it is positive and (K;, D;) > 0 for all ¢ 2 0. It is regular interior if it is interior, and C; >0
fort = 0.

For a positive program (K, D, L, Y, C) we denote, for ¢t = 0,
(K,/L)=k; (D,/L)=d,
(Ct/Lt) = ct; (Yt/Lf) =yt'

Preferences are represented by a utility function, u, from R to R. The utility function
is assumed to satisfy:

24)

(A.3) u is strictly increasing for ¢ 2 0.

(A.4) u is continuous and concave for ¢ 2 0 it is continuously differentiable for ¢ > 0.
(AS)u' (c)>easc—>0.

(A.6) There is 0 < b <o, such that |u (c) |<b for c=0.2)

2y (A.6) is used only in proving the existence of optimal programs in the discounted case i.e. in
Section 6. It may be noted that if there is an optimal program which is interior then from the Meade
Rule (4.2 in p. 10) it follows that: ¢, u’ (cp) —u (¢p) =u’ (cp) FL, >0 oru (cplcs <u' (cy). Since
under (A.7) there exists ¢ such that u (c)/c > u'(c) for ¢ > ¢ this meansu (¢;) <u () for all £. (A.6)
guarantees that the utility sums along any feasible path is bounded above. Hence one can use the Can-
tor Diagonal process to establish existence of a program with largest utility sum as in Lemma 6.3 when
the welfare function W (C, L) is continuous. It may be noted that continuity of W (C, L)at C =0 or
L = 0 (or alternatively defining W (C, L) at C = 0 or L = 0 ensuring continuity) may be a problem
when u (c¢) is not bounded.



412

3. On Average and Classical Utilitarian Social Welfare Functions

It has been observed in the literature [see, for example, Dasgupta, 1969, p. 295] that if
we take the index of social welfare to be the Average Utilitarian one [V (C, L)=u (C/L)],
and formulate our criterion of optimality in terms of the sum of these welfares then there
does not exist an optimal program. Quite apart from the ethical objections to the Average
Utilitarian index, this consequence is considered to be a strong reason for rejecting it as a
measure of social welfare. We feel that the case against adopting the Average Utilitarian
index is further strengthened by showing that, under this valuation, even (interior)
Pareto-optimal programs do not exist. We demonstrate this in Proposition 3.1.

In adopting the Classical Utilitarian index of social welfare [W (C, L) = L u (C/L)], it
is assumed in addition that when the consumption rate of an individual is “low”, his
utility is negative; when it is “high”, his utility is positive [see, for example, Dasgupta,
1969, p. 296]. We demonstrate (in Proposition 3.2) that a necessary condition for the
existence of (interior) Pareto-optimal programs, under the classical Utilitarian valuation,
is that the utility function, u, has the above-stated properties.

A Classical Utilitarian welfare function, W (C, L), is defined by

W LY=Lu(C/L) for L>0; W(C, L)=0 for L=0. 3.1
An Average Utilitarian welfare function, V (C, L), is defined by
V(C Ly=u(C/L) for L>0. (3.2)

Note that we leave V' (C, L) undefined for L = 0, as there is no “natural choice” for its
value. The choice of W (C, L) = 0 for L = 0 makes W a continuous function of (C, L), for
(G, L) >0, under (A.4), (A.6). This is the reason for its choice in (3.1).

Clearly Pareto-Optimality and Optimality can be defined in terms of either of the
valuations given by (3.1) and (3.2).

A feasible program (K, D, L, Y, C) is called C-Pareto optimal if there is no feasible pro-
gram(K', D', L', Y', C') satisfying W (C}, L{)> W (Cy, L) for all t >0, and W (C}, L}) >
W (Cy, L) for some . A positive program (K, D, L, Y, C) is called A-Pareto optimal if
there is no positive program <K', D', L', Y', C") satisfying V (C{, L}) = V (C;, L;) for all
t=0,and V (Cy, Ly) >V (Cy, L,) for some .

To define optimality, we consider a discount factor, §, where 0 < § < 1, to be given.
A feasible program (K*, D* L* Y* C*)is C-optimal if

. T
llr;ljgp Eo 8 [W(C, L)~ W(CXLMI<O (3.3)

for every feasible program (K, D, L, Y, C). A positive program (K* D* L* Y* C*)is
A-optimal if

T
: t
hrersgp EO v, L)— V(cy, LHI<o (3.4)
for every positive program (K, D, L, Y, C).

Proposition 3.1: Under (A.1)—(A.6), there is no interior A-Pareto-optimal program.
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Proof: Suppose, on the contrary, that there is an interior program (X, D, L, Y, C), which
is A-Pareto optimal. Consider the sequence (K, D', L', Y', C") given by:

(Ko, Do, Lo, Yo) = (Ko, Do, Lo, Yo), Co =Co +(1/2) K15 (Ky, Dy, Ly, Yy, Cf) =
(1/2)(X,,D,, L,, ¥, C,)fort>1.Clearly (K', D', L', Y', C'} is an interior program.
Now, Co > C, (since K; >0), 50 ¢y > co,and V (Co, Lo) > V (Co, Lo). Also,
C,=(1/2)C,,and L, = (1/2) L, fort>1.Soc, =c,,and V (C,, L)) =V (C,, L,) for
t=1. Hence, (K, D, L, Y, C) is not A-Pareto optimal. This contradiction establishes the
Proposition. ||

Remark: It is clear from Proposition 3.1 that there is no interior A-optimal program
either, a fact which has been noted in the literature. In view of this, in the rest of the
paper, we will be concerned only with the notions of C-Pareto optimality and C-optimali-
ty. Also, since there is now no scope for confusion, we will refer to these terms simply as
Pareto optimality and optimality respectively.

We now proceed to consider the following additional assumption on u:

(A7) Thereis 0<c <o such thatu(c)<O0for0<c<c;u(c)>0forc>¢;
u(c)=0.

Proposition 3.2: Under (A.1)—(A.6), if there exists an interior Pareto-optimal program
(K, D, L, Y, C), then the utility function, u, satisfies (A.7).

Proof: Given (A.3), the utility function can be one of three types: (i) u (¢) <0 for ¢ =0,
(ii) u (¢) = 0 for ¢ = 0; (iii) u (') < O for some ¢! >0, and u (c?) > 0 for some c* > 0.
If there is an interior Pareto optimal program (K, D, L, ¥, C?, we will show that cases (i)
and (ii) cannot occur.

If case (i) occurs, we construct a sequence (K, D', L', Y', C) as follows:
(Ko, Db, Ly, Ya) = (Ko, Do, Lo, Yo), Co =Co + (1/2) K13 (K, Dy, L], ¥y, €)=
(1/2)(X,,D,, L,, Y, C,)fort>1.Then,(K', D', L', Y', C') is an interior program.
Also, Co = Cqy + (1/2)K; > Cq, 50 co > cq,and W (Cy, Lo) > W (Co, Lyo). Also,
Ct' =(1/2)C,, L't =(1/2)L,fort=>1. 80 W(Ct', L;) =(1/2)W(C,, L)=W(C,, L)),
since u (¢) <0 for ¢ 2 0. Hence (K, D, L, Y, C) cannot be Pareto-optimal, a contradic-
tion. Thus, case (i) cannot occur.

If case (ii), occurs, then for¢ = 0,and 0<O < 1,u @c)=u[6c+(1—6)0] =
6u (¢) + (1 —8) u (0) = 0u (c), since u (0) > 0. We construct a sequence (K', D', L,
Y', C" as follows: (Ko, Do, Lo, Yo, Co) = (Ko, Do, Lo, Yo, Co); (Kt', D;, Lt') =
K, D, 2L )fort>1, Y; =F(Kt', Dt', L;) and C; = Y; —Kt'+1 for ¢t = 0. Then,
W (Cs, Lo) =W (Co, Lo); also, for =1, C,>C,, by (A.2),s0 W (C,, L;) >
Lou((1/2)e)=2L,u((1/2)c,)=2L, (1/)u(c)=L,u(c,)=W(C, L,). Since
(K',D', L', Y', C")is clearly an interior program, so (K, D, L, Y, C) is nct Pareto-optimal,
a contradiction. Hence, case (ii) cannot occur.

Thus, case (iii) must occur. Since u is continuous, there is some 0 < ¢ <o, such that
u (c) = 0. Since u is increasing, ¢ > 0,and u (¢) <0 for 0 <c < c;u (c) >0forc > c. |



414

In view of Proposition 3.2, we will assume that (A.7) holds, in the rest of t}~1e paper.
Note that, under this additional assumption, there is ¢ > 0, satisfying (i) ¢ < ¢ <%0, and

(iu(c)—u' (c)c=0

4. Characterization of Optimality

In this section, we will provide necessary and sufficient conditions for a positive pro-
gram to be optimal. This characterization is used in Section 5 to examine the question of
existence of an optimal program, when future utilities are undiscounted. It is also used in
Section 7 to establish an asymptotic property of optimal programs, when future utilities
are discounted.

For our purpose, we will assume that the three types of inputs are essential in produc-
tion, and that the marginal product of the exhaustible resource is infinite at zero resource
input.

(A8) G(O,D,L)=G(K,0,L)=GK,D,0)=0

For (X, L)>0,G, (K,D,L)>cas D~ 0.
Furthermore, following Mitra [1978], we assume that the exhaustible resource is “impor-
tant” in production, in the sense that the share of the resource in current output is
bounded away from zero.

A. = inf [DGp(,D, ,D, :
A9 8 (K,I;r,l[,)>0[ p & D, L)IG (K, D, L)] >0

Theorem 4.1: Under (A.1)—(A.9), if a positive program (K, D, L, Y, C) is optimal, then

(1)  itis regular interior

(i) o (ct)=6u'(ct+1)FKt+1 fort>0 (4.1)
(ii)) [c,u' (c)—ulc)=u (ct)FLt fort>1 4.2)
@) ¥y /Fp ]=FKm fort>0 (4.3)
V) a) tlirg 8" u'(¢,)K,,; =0; b) tngM =0, (4.4)

Proof: First, we establish that C, >0 for ¢ > 0. Since (K, D, L, Y, C) is optimal, ¢, >0

for some ¢. If C, =0 for some perlod then we can find a period s, such that elther

a)C, = > 0,0rb)C, >0, C,,q = 0. Using (A.5), in either case,(K, D, L, Y, C)

cannot be optlmal since (L, L +1)> 0 So,C, >0fort>0. By (A.8), K,>0fort>0.
We claim next, that D, > Ofort=>0. Clearly, D,>0 for some ¢. If D, = O for some

perlod then we can f1nd a period, s, such that elther a)D = D> 0 orb)D >0,

Dy, =0.In either case, (K, D, L, Y, C) cannot be optimal, by using (A.8), and
X, L) >0, (Koo Leyy) > 0. Hence, D, > 0 for #>0. Thus, <K, D, L, Y, C)is a
regular interior program, which is (i).



415

For ¢ 2 0, the expression
L,u{FK, D, L)—K]/L,} +OL, ul{lFK Dy, L )= K, 51/ Ly}

must be maximised at K = K, ;, among all K > 0, satisfying K <F(, D, L, and
F(K,D,,;, L,.|)>K,,,. Using (i),

L, u (e)[—1L,]+8L,,, u' (¢41) [Fkt+1/Lt+1] =0
which yields (4.1) directly.
Fort=>1, the expression L u {[F (K, D,, L) — K, ] / L} must be maximized at

L =L, amongall L >0, satisfying F (K,, D,, L) 2 K, , . Using (i), we have

t+1°
u(c)+L,u (eIL, FLt —Ct]/L?} =0

which yields (4.2) immediately.
For ¢ 2 0, the expression

Lu{lF(K, D,L)—K, L} +

+6Lt+1u{[F(K D, +D,,., _D’Lt+1)_Kt+2]/Lt+1}

t+1°
must be maximized at D = D,, among all D > 0, satisfying D <D,+D,,,

F(,, D, L)=K,,,, andF(Kt+1,Dt +D,,, DL, )>K,,,. Using (i), we get
Lu'(c,) [FDt/Lt] +8L, . u (c,yy) [_FDt+1/Lt+1] = 0 which yields, on simplifica-
tion,

u' (ct)FDt=8u' (ct+1)FDt+1' 4.5)
Using (4.1) and (4.5) yields (4.3).

Clearly, there is no feasible program,(K', D', L', Y', C") with L't =L, fort>0,
Ct' = Ct fort=0, Ct' > Ct for some ¢. Hence, following the proof of Theorem 4.1 in
Mitra [1978],

lim M,=0 and lim [K,,,/Fp ]=0. (4.6)

[—> oo
Note that by using (4.5) repeatedly we have
’ — st 7
[u (CO)FDO]/FDt_a u (c,) “4.7)
Using (4.6) and (4.7), we obtain (4.4). Il

Remarks: In Theorem 4.1, (4.1) is the well-known “Ramsey-rule” for optimal invest-
ment in the capital good. Similarly, (4.2) is the “Meade rule” for an optimum population
[see Meade, p. 91; or Dasgupta, 1969, p. 299]. The marginal condition given by (4.3) is
the “Hotelling rule” for optimal depletion of an exhaustible resource [see, for example,
Dasgupta/Heal, p. 11]. Finally, (4.4) is the transversality condition that the present value
of the capital and resource stocks converges to zero as ¢ becomes indefinitely large. It
should be noted that (4.1), (4.2), (4.3) are to be expected, as the relevant variables (capi-
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tal, population and exhaustible resource use) are “freely” and independently controllable.
The interesting difference, caused by the presence of exhaustible resources, is in (4.4). In
the parallel exercise of optimum population without exhaustible resources, Dasgupta
[1969, p. 298] notes that (4.1), (4.2) and (4.4) a) are sufficient conditions of optimality.
Furthermore, these conditions are necessary when 0 <§ < 1. However, if § = 1 [the dis-
count rate is zero] then (4.4) a) is generally not necessary. In the present exercise, irre-
spective of the value of 8, (4.4) is a necessary condition of optimality of a positive pro-
gram,

Theorem 4.2: Under (A.1)—(A.9), if a regular interior program (K, D, L, Y, C) satisfies
(4.1)—(4.4), then there is a price sequence {p, q, w), with (pt_1 » 4y, w,)>0fort>0,
such that

§'w(C, L)—p,C,+ w, L,=8'W(C L)—p'C+w, L

for (C,L)>0,t=0 (4.8)
pY, =P K —q Dy —w, L, 2p Y —p  K—q D—w L

for (K, D, L)>0,Y=F (K, D, L), >0 (4.9)

4 =441 forz=0 (4.10)
tl_i)m [p,..1K, +q,M,]=0. (4.11)

Proof: Define (pt-l’ 4, wt) as follows:
— st ! -, -
p=8u(c,), q,=u (co) F o’ wt—ptFLt fort =0 4.12)
by =pPg /FKO'
ForL >0,C>0, W (C, L) is a concave differentiable function of (C, L). Also,
(OW/3C)=u' (c) and (OW/IL) =u (c) — cu’ (c). So, for C>0, L > 0, we have
8'wW(C, L)—s'w (€. L)< (c,) (C—C)+8 [u(c)—c,u (eIL—L)
=6 (c) (C—C)—8"'(c,) Fp @=L)
[using (4.2)]
=p,(C~C)—w, L —L)
[using (4.11)].
Rearranging terms yields (4.8), for C > 0, L > 0. Note that 6'W (Ct’ L)= 8'u' (c,) C, +
8" [u (ct) —c, u' (¢P] L, since W (C, L) is homogeneous of degree one for C =0, L > 0.
Hence, ‘W (Ct, L)—p, C,+ w, L, = 0. Thus,if C=0,and L = 0, (4.8) is true trivial-

ly, since W (C, L) = 0. Thus, for >0, L >0, (4.8) is established.
For (K, D, L) > 0, we have

FK D, L)=F(K, D,L)<Fy (K—K)+F, O—D)+F, L—L,).
t t t
Multiplying through by p s> and using (4.1), (4.3), (4.12),
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p,F(K D,L)—p,F(K, D, L)<p,, K—K)+q,(0—D)+w, (L—L,).

Rearranging terms gives us (4.9) for (K, D, L) > 0, Y = F(K, D, L). Note that since Fis
homogeneous of degree one, so F (Kt, D, L)= FKth +F, ,Dt TF, ,Lt' Hence
p,F (K, D, L)=p, K, +q,D, +w, L, Thus,if (K, D, L)>0,and (K,D,L) > >0,
then by (A.8), G (K, D, L) = 0, and (4.9) is trivially true, since p, <p,.; by (4.1). Thus,
for (K, D, L)=0,Y=F (K, D, L), (4.9) is established.

Finally, using (4.4), and noting from (4.12), that q ; Is constant over time, (4.10),
(4.11) follow. I

Remark: Theorem 4.2 provides a competitive price characterisation of an optimal pro-
gram.

Theorem 4.3: Under (A.1)—(A.9), if a feasible program (K, D, L, Y, C) has associated
with it a price sequence p, q, w), with ®;.1: 4, w,) 20 for t > 0, satisfying (4.8), (4.9),
(4.10), (4.11), then (K, D, L, Y, C) is optimal.

Proof: Let(K',D’, L', Y’, C') be a feasible program. Using (4.8), we write for # > 0
8'W(C;, L) —8"W(C,, L)<p, (C;~C)+w, (L,~L)
=pY,~p Ky~ L =p,Y, +p, K +wl,
=l K ta D+ w Ly —p, K, —q,D,—wL]+
+lp,Y —p K, — 4D~ w, L1~ p,Y, —p, K, —q,D, — w,Ly]
—pth'+1 —tht' +p K, .t w,L,
<lp K *+a D+ Li~p K, —q,D,—wL]
—lp Ky T, Ly TP K Tl {oy (4.9)}

=pp. & —K)—p, (K, — K, ) +4q,(D;—D).

I t ' ' , T , T

Hence, EO W, L)—W(C,, L)I<pr[K,,, K1+ ao EO D, _EO D,]
T , T
by using (4.10). Note that tEO Dt =M—Mp, . and EO Dt =M—Mrp,,,so wehave
T
t ’ N _

EO 8 [W(C, L)—W(C, LOISprKpy i +YagMp,, =prKpyy +‘ZT+1MT+1
{using (4.10)}. Hence, using (4.11),<K, D, L, Y, C) is optimal. Il
5. The Nonexistence of Optimal Programs when Future Welfares are Undiscounted

In this section, we examine the question of existence of an optimal program when
future welfares are not discounted. We show that, under one of two alternative additional
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assumptions, there does not exist an optimal program. One assumption is that there is a
feasible program with constant population, which can produce a (current) output
sequence bounded away from zero. The other is that the share of capital in current out-
put is bounded away from zero.

Neither of these assumptions is terribly unrealistic. In fact, if these assumptions are
not satisfied, the model becomes somewhat uninteresting. Specifically, if the first assump-
tion is not satisfied, there does not seem to be too much point in sticking to an infinite-
horizon model. If the second assumption is violated, the role of capital accumulation in
off setting the exhaustible resource factor is not captured properly, as capital is treated as
“unimportant” in production. But the consequence of either of these assumptions is that
there does not exist an optimal program, which is somewhat disturbing, if one adopts the
“mathematical screening” viewpoint of Koopmans.

We note, however, that the result is not totally unexpected, since in exercises on opti-
mum population without exhaustible resources, a similar difficulty is encountered by
Dasgupta [1969].

Lemma 5.1: Under (A.1)—(A.9),and 8 = 1,if K, D, L, Y, C) is an optimal program,
then

T
20 w (Ct, L t) is convergent. 5.1)
t‘:

Proof: If L, = 0 for some t =T, thenL, =0fort>T,and W (C,,L)=0fort=>T.In
this case (5.1) is trivial.

Otherwise L, > 0 for # > 0. In this case (K, D, L, Y, C) is a positive program which is
optimal. Hence, by Theorems 4.1, 4.2, there is a price sequence (p, g, w), with
(®,, 4, w,) =0 for t >0, such that (4.8)—(4.11) hold. Using the homogeneity of degree
one, of W and F, we then have

Wc,.L)=pC,~wL,=pY —pK,  —wlL,
=Y, —p K, —w L, —q, D1+ [p, K, —p K, 1+ q,D,

=P K~ K1+ 4D, =p, K, —p, K, ]+ 40D,
So

T
)

T
=0 W L)=1p 1Ky —prKpiq]tq EO D,

=P Ky =Ky 1+ ap  [M—Mp ]
The right-hand side converges by (4.11), as T~ o, so the left-hand side converges too. In
fact, EO w (Ct, L)y=p, K+ 4o M. This establishes (5.1). It

Now we consider the following additional assumption:

(A.10)  There is a feasible program (K, D, L, Y, CYwith L, = L for t >0, and

inf G (K,.D,, L)>o0.

t>0
For necessary and sufficient conditions on G, such that (A.10) is satisfied, see Cass/Mitra
[1979].
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Theorem 5.1: Under (A.1)—(A.10),and § = 1, there does not exist an optimal program.

Define u ((¢ + ¢)/2) = e. Then e > 0. Let J be a positive integer such that [Jd/L] >
> [¢ + €]. Choose 0 < A< 1, such that (1/A)>2”.

Define a sequence (K, D, L, Y, C) as follows: (Ko, Lo, Do, Yo) =Ko, Lo, Do, Yo);
K, =N, D,=D, L, =\, =\Lfort>1,Y,=F(K, D, L)fort>1;
C,=Y,—K,, fort>0. Clearly, C, >Co > 0. We will show that C,>0fort=>1,s0
(K, D, L, Y, C)is a feasible program. We check this fact with the following calculations.
Fort>1,G(X,. D, L)=GQK,,D,,\L)=\G[K,, (D,/N),L,]>

J . ,

T AF Ty — T oD Ty—((F oilF T .5 T
>AG(K,,2 Dt,Lt)—szz1 6 (K,.2'D,,L)—GK,2""'D,L)+ G (K,:D,.L,).
Now forJ>j>1,wehaveG (X, 2f5t, L)-G(&, 2/"11“),, L)>
(1/2) G, [K,,27D,,L,12'D, > (1/2) 6G [K,, 2/D,, L1 > (1/2) fd. Hence, for t > 1,
G (KX, 21'Dt,1?,) —G(K,,D,,L,)>(1/2)Jpd. Thus, for > 1, we have

C, =G, D,L)+K,—K,
=\G &, (D,MN),L)+rK, —\K,,
>AG KK, D,,L)+(1/2)NJpd + K, =K,
=1C,+(1/2)\JBd>0.

Since, fort=>1,C, > (1/2)AJ Bd, soc, >[JBd/2L ], and u (c,) e fort > 1. So

T
L,u(c,)>NLefort>1. Thus,as T >, X W(C, L)~
t=0

If there is an optimal program, (K*, D* L* Y* (C*), then by Lemma 5.1,
Z W(C}, L)) is convergent. But since (K, D, L, Y, C) is a feasible program with
t=0

T
2 W(C, L)>»asT~e,s50(K,D,L,Y,C)could not be optimal. Il
t=0

We now consider an alternative additional assumption:

(A11) o= inf [KGy (K, D,L)G (K, D,L)]>0.
(K,D,L)»0

(A.11) states that the share of capital in current output is bounded away from zero. [By
(A9),a< 1]

Theorem 5.2: Under (A.1)—(A.9), (A.11),and § = 1, there does not exist an optimal
program.

Proof: Defineg(K)=G (K, 1,1)forK >1.Theng' (K) =Gy (K, 1,1),and
[Kg' (K)/g (K)]=[K Gy (K, 1,1)/G (K, 1, 1)]>a. So[g' (K)/g (K)] >[0/K], and
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X
(d/dK) [log g (K)] = (d/dK) [log K*]. For x = 1, we have{ (d/dK) [log g (K)] dK =
f(d/dK) [log K*] dK. Solog g (x) —log g (1) > logx® —log 1* = log x%, and
log g (x) >log [g (1) x*]. Theng (x) =g (1) x* forx > 1,and G (K, 1, 1) =g (1) K* fer
K > 1. Define A =1 + [a/2 (1 — @)]. Choose 0 <8 <1, such that

3 prM<im
=1 =

[\

Define a sequence (K, D, L, Y, C) as follows: K, = K for 1= 0; Do = 12 M,
D, =[0K/Mfort>1;Lo =L, L,=[0K/t)fort>1;C,=G (K, D,, L) fort>0;
Yt =F (Kt, Dt, Lt) for ¢t = 0. Clearly, (K, D, L, Y, C} is a feasible program.

Now, for £ 1, we have C, = G (K, [0 K/1*], [6K/t]) > G (0K, [0 K/t"], [0K/t])
=K G (1,[1/], [1/eh) = [0K/P*] G (¢, 1, D> [0K/M G (11, 1,1) = [0K/1]
Prg(1)=g(1)0 Kt Hencec, > [g (1) 0K /@ DAL /g k=g (1) A1+ (DA,
By definition of A, 1 + (¢ — 1) A = (@/2). So,c, =g (1) £@/2) for £ > 1. So there is
T, <o, such that fort > T,, c,=(c+ ¢)/2.Hencefort =T, u (ct) =
Zu ((¢ +¢)/2) = e, say [clearly, e > 0]. And so, fort =T, W (o Lt) = [0 Ke/t]. Hence

T
W (Ct’ L) oo as T > o. If there is an optimal program (K*, D¥* L* Y* C*) then

g
M [en]

W (Ct*, L ;*) is convergent, by Lemma 5.1. Since (K, D, L, Y, C) is a feasible program,

t=0

T
and EO W (Ct, Lt) =003 T =00 s0(K* D¥* L* Y* C*) cannot be optimal. il
t:

Remark: 1fG (K, D, L) = K® DP L", with (a,8,7)=0,a+p+vy=1, then (A.10) is
satisfied if and only if & > §. Thus, in the Cobb-Douglas case, (A.10) implies (A.11).

6. The Existence of an Optimal Program when Future Welfares are Discounted

The main result of this section is that, when future welfares are discounted, an optimal
program exists.

Readers familiar with the literature on optimum population will recognize that the
traditional methods of proving the existence of an optimal program break down, when
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population is “freely” controllable.?) Specifically, given any ¢, and M (f) < %, one can

find a feasible program with L, > M (¢). Thus, the essential “boundedness” property of the
relevant variables, which is exploited heavily in traditional methods [see, for example, Gale;
Brock; Brock/Gale and others] to arrive at an optimal program as a limit of a convergent
(sub)sequence of feasible programs, is not available.

Dasgupta [1969] solves the problem by constructing a particular stationary program
(stationary in per-capita magnitudes), and checking that it satisfies the sufficient condi-
tions of optimality of the sort discussed in Section 4. This is in the context of a model
without exhaustible resources. When such resources are present, even this clever device is
lost, as programs stationary in per-capita magnitudes do not satisfy the appropriate “mar-
ginal conditions” of Section 4. [Note that if K;, D;, L, are all growing or decreasing at the
same rate, then the marginal products of all three factors must be constant over time; but
the “Hotelling Rule” (4.3) demands that the marginal product of the resource be increas-
ing ]

Our method retains the spirit of the traditional (Ramsey) device, though in execution it
appears different. We separate feasible programs into two categories: “good” and “bad”’.
“Good” programs are those for which population does not grow “too fast” [in a manner
made precise in the definitions below]; “bad” programs are feasible programs which are not
“good”.

We show that if a feasible program is bad, there is a good program which is “better”.
There is a good program; and, in the class of good programs, there is a “best” program.
This is then shown to be an optimal program.

In order to simplify our existence proof (which is still quite elaborate), we assume in
this section that the production function is Cobb-Douglas:

(A.12) G(K,D,Ly=K*DP LY, where (a,B,7)> 0,and (a + B8 +7) = 1.

We assume throughout, of course, that 0 <& < 1. Given (A.12), we denote the expres-

sion [([gl'a/,Lj) + Mﬁ]l/l'“ by E. Given any feasible program <K, D, L, ¥, C) we denote
A4 =3 LO/B) for r > 0.
t 2o s

3) We have assumed throughout this paper that population can be controlled arbitrarily that is no
bounds are imposed on the rate of growth of population per period. If there are such bounds then the
existence question in Section 6 becames easier to handle using standard methods since definite bounds
are available on the variable L, in each period. One would suspect that in this case optimal paths
would exist where these constraints are binding in some periods (see the literature on population
growth without exhaustible resources where population is arbitrarily variable and where there are con-
straints on its rate of growth, Dasgupta [1969] and Lane [1977].

If population control is assumed costly in terms of resources or consumption then it introduces ad-
ditional elements in the problem which forms a subject of enquiry beyond the scope of the present
paper. Since in the case where population is costlessly controlled, along an optimal path in the dis-
counted case, L; = 0 after finite time, it is tempting to conjecture that a similar behaviour would occur
when population control is costly with the decline in population taking place at a slower pace possibly
happening only in the limit over an infinite horizon. The analysis of the case where population control
is costly and is constrained within limits may be an interesting subject of future enquiry.
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Lemma 6.1: Under (A.12),if{K, D, L, Y, C) is a feasible program, then
1- 1-
K, <EALPIUe)  forr>0 (6.1)

C, <EA§1'B>/ - for > 0. 6.2)

]'; =
forz‘>0,Kt+ = Yt F(Kt, L )fort>0 andC =0fort=0. Then t+1>1?tfor
t=0.

Now, for t >0, we have K, | —K, = K®DPLY, so that K;¢ — K} <DFLY =
= I_)‘; [l_,;’/ (1'3)]1'5 . Using Holder’s inequality, we have for T =0,
- T _ T _ -
Kye —Ke<[ = Dt]ﬁ[zoL;f/(l'f”]l‘ﬁ <MPALP
t=0 t=
or,

1 Lo 4 B g146 < p(l-a) 7(1-6)
Ky <kye+MPALP<pUo 110,

Sok,, <Ef_1_((1'5)/(1'°‘)) for>0.Since K, <K, for 1> 0, s0 (6.1) follows. Also
¢, < Y Y Kt+1 for t =20, s0 (6.2) follows. ||

Before proceeding further we introduce some notation. Denote §/(1 — ) by u;
(1 —B)/(1 —a) by n; (1 — &)/ by v. Since we are dealing with the discounted case, we are
given 0<§<1.Choose A > 1, so that § =A”8 < 1. [Then A8 < 1 also.] Note that

a=s E (t+ D"\ is convergent Denote [2aE/c] by h, and [h*b/(1 — 8)] byA {where b
is glven by (A.6)]. Note that B = E [A*6]" is convergent. Denote \” by m;

= [cu' (¢)/2]. Define Q = max [ {2A/(l — B)D 320", L)

For any feasible program (K, D, L, Y, ), we define a sequence ¢ () as follows. Let
t(0)=0;forn=>0;define Q(n+ 1)={r=t(n): L >Lt(n)} and if  (n + 1) is non-
empty, £ (n + 1) = min § (n + 1). If the set Q (n + l) is empty for some n = 7,
t(m+ 1) =090 and ¢ (n) is undefined forn >n + 1.

Lemma 6.2: Under (A.3)—(A.6), (A.12),if (K, D, L, Y, C)is a feasible program and n >0,
such that t (n)and t (n + 1) are defined, then fort (n)<S<t(n+1)—1,

@) LE, <SEN® implies E)B’W( L)<A6'™
t=t( .

tn) . t N stn)
(ii) Lt( >hX implies r=tzén)8 W(EC,L)<—Ds Lt(n)

Proof: To prove (i), note that for t (1) < t <t (n +1)—1,8'L, <al”<")15’(">L

(n)
<K BN 5Lt Hence, fort(n)<S<t(n+ 1) — 1, we have

g 5 W(C, L)<H [sN]® b $ sl < gfMyrp 1 — gy = 4 gim),
t=t(n) t=t(n)
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To prove (ii), we write fort () <t <t (n+1)—1, 6’Lt ulc,)= 6’Lt[u (c)—u (o)l
S0 8L, u (c)<8'L,u'(¢)(c,~¢) =8 (¢)[C,—¢cL,]. Thenfort (1) <S <
<t(n+1)—1, wehave

> 8" L, u(c)<u(c) z 8 C,—cu' > 5' L, 6.3
t=t(n) =t(n) (~)t t(n) ( )

Now, for # (n) <t <t(n+1)— 1, we have by Lemma 6.1, 6° C,S8EA} =

5¢ E[izo LONBP<g E['EOngrf)l'f’)]” =8'E@+1)" ngn“ “®) Thus, for £ (n) <S <
= i=

<t(n+1)— 1, we have

> §'C, <ELGI S st (4 1) <ELZIL® 6™ a.
t=t(n) Hm) p=t(n)

Using this information in (6.3), we have

5 8" L u(c)<u (c)aEL(7/1"") NP —cu' (8" ™ML,
t=t(n)

_ (v/1-) sy () L sz(n) _ A stn)
=u' ()| aELZ ™ (6N S ¢b " Ly D&'™L,

<—-D 6’(")Lt(n) o

We call a feasible program (K, D, L, Y, C) good if Lt <Q o fort> 0; we call it bad if it
is not good.

Lemma 6.3: Under (A.3)—(A.6), (A.12),if a feasible program (K, D, L, Y, C) is bad, then
there is a feasible program (K', D', L', Y', C") which is good, such that

}m sup 2 ['w(C, t)—8’W(Ct',L;)]<O. (6.4)
Proof: Since (K, D, L, Y, C) is bad, there is some ¢ for which L, > Qn’. Let N be the first
period this happens. Then, N> 1,and L ; < QﬂN'l < erN <L, So, there isn >0
such that ¢ (n) = NV. There are now two cases to consider: (i) # (n + 1) = oo,

(ii) £ (n + 1) <oo.

S
In case (i), by Lemma 6.2, Z() )8’W (€, L)<Oforall§ >1¢ (n). Define a sequence
t=t(n
K'.D', L', Y' C')as follows: (Kt', Dt', L;, Y;, Ct') =K, D, L, Y, C)fort<t(n),
(K!', Dt', L;, Yt', Ct') =Qfort>1t(n). Then<K', D', L', Y', C') is a feasible program which
is good. Also since 8'W (o L;) =0 for £ >t (n), so (6.4) is satisfied.
n+l)-1

In case (ii), by Lemma62 E( ) 5'W (C,, Lt)<—13 stMoqptin) <
t=t(n
S

~246"™) (1 —8). Now, for S > (n + 1), we have by Lemma 6.2, (2 15’W(Ct,Lt)
t=t(n+1)
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o A . -~ S

< 3 A0 <A46'* D)1 —6). S0, for S>1(n), wehave 2 8'W(C,, L)

i=n+1 t=t(n)
<—A 6"™ (1 —8). Define a sequence (K', D', L', Y', C') as follows:
K. D,, L, Y, C)=(K,D,L, ¥, C)fort<t(n),and (K], Dj,L,, Y} C)=0for
t=t(n). Clearly (X', D', L', Y', C') is a feasible program which is good. Also, since
8'W(C,;, L)) = 0for t =1 (n),s0 (6.4) is satisfied. |l

Lemma 6.4: Under (A.3)—(A.6), (A.12), there is a good program.

Proof: Define a sequence (K, D, L, Y, C) as follows: Kt =K, Lt =1L, Dt = M/2t+1,
Y,=F(K, D, L)C, =G (Kt, D,, Lz) for t > 0. Then(K, D, L, Y, C) is a feasible pro-
gram which is good. ||

Lemma 6.5: Under (A.3)—(A.6), (A.12), there is a good program (K*, D*, L* Y* C*
such that

T
lim sup £ 8 [W(C,, L,)—W(CF, LD]<0 (6.5)
T—o =0

for every good program (K, D, L, Y, C).

Proof: For any good program<{K, D, L, Y, C), tETO 8w €. LYI< ETO @7 Qb
<[Qb/(1 —&n)] =H. Hence EO s'w (C,, L,) is absolutely convergent, SOEIO 5tW(Ct, L))
is convergent, with 20 &'w ¢, L PSH.

Let A= EO &'w (<, Lt) (K, D, L, Y, C)is a good program]. By Lemma 6.4, A is
=

non-empty. Also, each element of A must be < H. Define w = sup A; then w <H.

Clearly, there is a sequence (K', D', L, Y*, C*) of good programs, such that
t§0 8'w(C, L;) Zw—(1/)[i=1,2,...]. Define X, = KX 1= G(X;’M» grh +X,
for £ 0. Then, if (X, D, L, ¥, C) is a good program, (Kt’ Mt’ Lt’ Yt, Ct) <
S, M o', X, Xt) for £ 2 0. Hence there is a subsequence j of i, such that for each
>0, (K;, Mt], Lt], Yt]’ Ct’) > (KM LY, YY, Crasj e, Defining D} =M} —M}, |,
it is easy to check that (K*, D* L*, Y* C*) is a feasible program and it is a good program.

We claim that > 8'W (C}, L}) = w. Otherwise, by definition of w, there is € >0,

t=0
such that
Eo 8'w (Cx, LYH<w-—e.

Pick T such that ET (6m)" Qb < /4. Pick J large enough so that forj > J,
t=
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T .

| EO 5‘W(C;,Lf)— z 8w (CF, L) 1<e/4.

t:

Then, for j = J, we have

o . . T . N oo . .
wo(p < T 8w (C/, Ltf)ztgost(cg, Lh+ 8'w (Cl, L <

~

<z W (CH LF) + (e/4) + (e/4) = z 8'W (Cr, L¥) —

- ET §'W(CH LY + (/) <[w—e] + (/4) + (e/2) = w — (¢/4).

So (1/j) = (e/4) forj > J, a contradiction. Hence, our claim is established. Then (6.5) fol-
lows by the definition of w. ||

Theorem 6.1: Under (A.3)—(A.6), (A.12), there exists an optimal program.

Proof: Consider the program (K*, D¥*, L* Y* C*) whose existence is established in
Lemma 6.5. We claim that this is an optimal program.

For, consider any feasible program (K, D, L, Y, C>. Either this is good or bad. If it is
good, then (6.5) holds. If it is bad, then there is a good program (K', D', L', Y', C") such
that (6.4) holds. Hence,

T

lim sup EO 8" [W(C,, L)—W(C} LM<
T— oo t=
T

lim sup E St[W(C Lt)—W(C;,L,')]“"
T— o =

lim sup s W, L)=W(CHLNHI<O
T——)oo t"

by using Lemmas 6.3 and 6.5. Hence, in either case,

lim sup z 8 [W(C,, L)—W(CHLNI<O
T— oo t=0

This establishes our claim. i

7. Optimality and the Extinction of the Economy

We have shown in Section 5, that under quite realistic assumptions, there does not exist
an optimal program when future welfares are undiscounted. While this has been a discom-
forting result, we have noted that a similar feature is observable in optimal population
exercises, even in the absence of exhaustible resource constraints. Furthermore, as in the
study of optimum population [without exhaustible resources ] by Dasgupta [1969], we
have been able to establish the existence of an optimal program when future welfares are
discounted. Thus, at this stage, the model of production and the Classical Utilitarian ob-
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jective function may be said to have stood the “mathematical screening” of Koopmans,
provided we agree to discount future welfares.

In this section we discover, however, that the discounted case has a disturbing aspect to
it also. Namely, optimal programs must be extinction programs. This means that it is opti-
mal (in the discounted case) to have a zero population from a certain time period onwards.
This result is true independent of whether or not there is a feasible program, with positive
stationary population, such that the per-capita consumption at each date generates a utility
bounded away from zero. If there is such a feasible program and one finds it optimal to be-
come extinct in finite time, then the Classical Utilitarian objective (with discounting) sure-
ly places too small a penalty on the extinction of the human race. This could be viewed as
an unsatisfactory aspect of the objective. One might argue that the problem arises because
we define W (C, L) = 0 rather than W (C, L) = — > when L = 0. But it is very difficult to
justify a discountinuity at L = 0 in the objective function, when everywhere else, it is con-
tinuous. Furthermore, with this discountinuity we might encounter the problem of non-
existence of an optimal program even in the discounted case: notice that if W (C, L) is not
continuous everywhere, the existence proof of Section 6 breaks down.

Thus, with the result of this section, we have doubts whether the Classical Utilitarian
objective is the appropriate one to use in studying optimum population policies when re-
sources are exhaustible.

Our result should be contrasted with that obtained by Koopmans [1974]. An optimal
program in the Koopmans exercise is an extinction program, but this is to be expected
since there is no aspect of capital accumulation in his model to offset the depletion of re-
sources, and to produce a feasible program, with a utility sequence bounded away from
zero. In our model, not only is there the capital accumulation aspect, but capital is smooth-
ly substitutable for the exhaustible resource. Then, with a substitution condition of the
type proposed in Cass/Mitra [1979], (A.10) will be satisfied. This, in turn, will ensure that
there is a feasible program with positive stationary population, and a utility sequence
bounded away from zero. However, it will s#ill be optimal for the economy to become ex-
tinct, according to our result.

We define a feasible program (X, D, L, Y, C) to be an extinction program if there is an
integer T'<eo, such that L, =0 for t > T.

Theorem 7.1: Under (A.1)—(A.9), (A.11),if (K, D, L, Y, C) is an optimal program, then
it is an extinction program.

Proof: Suppose on the contrary that L; >0 for t > 0. Then(K, D, L, Y, C)isa positive
program, which is optimal. We will now proceed to prove a number of claims, which lead
ultimately to a contradiction.

@) ¢, cannot converge to zero, as t > %, Otherwise, there exists V; such that ¢, <¢ for
t =N, . Construct a sequence (K', D', L', Y', C") as follows: (Kt', Dt', L;, Yt', Ct') =
=(X,, D,L,Y, C,) for t <Ny, (Kt', le, Lt', Yt', Ct') =0 fort =N, . Clearly

(K',D', L', Y', C") is feasible. Since W (C;, Lt') =0forz>N,, while W (C,, L,) <0 for
t=2N;,s0(K,D, L, Y, C)could not be optimal, a contradiction.
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(i) G K, cannot converge to zero as t — «. Otherwise, there exists V,, such that
GK < (1 —8)/(28) for t 2 N, . Then, by Theorem 4.1, we have
u (ct) =u (cp)8(1+G t+l) <u' (o)1 +(1 —8)/(28)]=u' (ct+1){(1 +6)/2}

for t=>N,. Hence u' (¢,) >=ast—>oo and ¢,>0ast>ce This contradicts (i).

(i) Gp —»oast—>o
t

Note that by Theorem 4.1, Gp 1s increasing with ¢, so if Gp —/—> oo as t > oo, there is
t

A <, such that G/, —>A.By(4.3),wehaveGD =Gp H (1+Gg ).So
t T+1 0 K

L (1+Gy )<=and T Gy <o Thisimpliesthat Gy ~0as e, which
1=

t+1 t=0 t+1 t+1

contradicts (ii).

(iv) [Gg /Gy ]=>0ast—>oe
t t
Wehave G, /G, <F, [F, =1/F =1/G -0 as ¢t - oo using (4.3) and (iii).
Kt/ D, Kt/ D, /Dt-l / D, g(4.3) (iii)
) [DI/KI]»Oast—wo.

By using (A.11), « <{Gy K VG (K. D, L} {Gp D,1/G (K, D, L)} =

=[Gg /Gp 1[K,/D,). By (iv)[Gy /Gp ] 0ast—>o0,50K,/D, > ast~>. Thatis,
t t t t

[D,/K,]>0ast .

(vi) G, > 0 fora subsequence of t. Otherwise, there is § > 0, such that G; >0 for
all ¢. ThlS means that b
G, D,L,) K, D,
9<GLt<———T=G(L—t,Z—t-,l) . (7.1

Consequently [K,/L,] > <as ¢~ . Forif [K,/L,]< é < oo for a subsequence of ¢, then
(D,/L,)=D,/K,1[K,/L,1<[D,/K,} 0~ 0 for this subsequence, by (v). So
G(K,/L, Dt/L ¢ 1)~ 0 for this subsequence, which violates (7.1). Hence (K,/L,) = > as
t=oo, and [L,/K,]>0ast—>ce.

Now,GK <{GK,D, L)}/K,=G(,D,/K,, L,/K,).Since [D,/K,]>0ast >,
by (v), and (Lt /K,;)~>0ast—=>o,50G, ~>0ast—>oo. This contradicts (ii).

Thus (vi) is established. We now denote (1+6)/2by A;(1 —8)/28 = e. Define

S={t>0:6F, >\18={>0:8F, <\
t+1 t+l

(vii) Sand S’ each contain an infinite number of elements.
If S contains a finite number of elements then there is V; such that for T=>N,, t €S’
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Sofor t =Ny, u' (¢,) <Au'(c,y1) - Sou’ (¢,)>°°asz oo, and ¢, >0 as t > o, which
contradicts (i).

If S’ contains a finite number of elements then there is N, such that for t =N,, t €S.
Sofort>N,, Fyy 2>[M8],and G,  ={(1+6)/26} —1=(1'-8)/25 =e. So

t+1 t+1

e<GKt+1 SGCK,y Dy Ly YK, =G (LD, /K, 10 Lyt /K ) By (V)
[L41/K o] ast>oo;s0,(K,, /L, ;) > 0ast e Now, D,/L,) =
=(D,/K,) (K,/L,) >0 as t > oo, since (K,/L,)~>0ast oo, and (v) holds. Also,
(K,/L)=>0ast—>e,50G K,/L,,D,/L,,1)>0ast—>ce. Hence,c, | <
SG K,y 1/Liyys D,y /Ly, ) +K, /L, = 0ast > This contradicts (i). Thus

(vii) is established.

Choose e > 0, such that G [1, €, (4/c)] <e, and G [(¢/4), (e ¢/4), 1] <(c¢/4). Choose
N such that for t >N, @,/K)<e.
(viii) If t >N, t €S, then c,,; <[¢/2].

Fort >N, 1€5,8F,  2X\s50G; >e80,e<G, <
t+1 t+1 t+1

G(,D /K pyo Ly /K DSG (L6, L, /K, ) and (L, /K, p)
(Kpi/Ley]Sle/dland ey UG Ky, Dyy g L)+ Ky MLy
<G (¢/4,(e0)/4, 1) + ¢/4 <(c/2). Choose N> N, such that NE S.

[4/¢]. Hence,

NV

(ix) Ift=N, then ¢y Slej2l

Suppose, on the contrary, there is some ¢ = N, such that g ¢/2]. Consider t =1 to

be the first period this happens. Then 7 is not in S, by (viii). So, 7 €S’; also, N € S, so
7> N. Now,

u' ()= 8FKT+1 u' (e ) <N (e, ) <u'(c ).

Soc >c_ ., >[¢/2] Butsince 7 —1>N, and ¢, >(¢/2),so 7 is not the first period
(=N), for which ¢,+1 > [¢/2], a contradiction.

(x) (K,D,L,Y,C)is not optimal.
By (ix), W (C,, L,) <0 for t >N + 1. Construct a sequence (K', D', L', Y, C") as fol-
lows: (K, Dy, Ly, Y, C) = (K, D,y Ly, Y, C)for t <N + 15(K,, D], L, Y, C)=0
fort=N+1. Since W (C,, L)) =0fort >N+ 1,50(K, D, L, Y, C) is not optimal.

By (x),(K, D, L, Y, C) must be an extinction program. ||
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